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The degeneration of image singularities from an anisotropic material to an isotropic material for a half-
plane is discussed in this study. The Green’s functions for anisotropic and isotropic half-planes with trac-
tion free boundary subjected to concentrated forces and dislocations have been obtained by many
authors. It was commonly accepted that the solution of isotropic problem cannot be derived from aniso-
tropic solutions. However, we believe that this possibility exists as we will demonstrate in this paper.
Anisotropic materials include only image singularities of order O(1/r) (i.e., forces and dislocations) exist-
ing on image points. There are many image points for anisotropic materials and the locations of these
image points depend on the material constants. However, isotropic materials have only one image point
with higher order image singularities (O(1/r2), O(1/r3)). From the analysis provided in this study, it is
found that the higher order image singularities for an isotropic half-plane are generated by combining
the concentrated forces and dislocations when an anisotropic material degenerates to an isotropic mate-
rial. The solutions of higher order image singularities for isotropic material are dependent. Therefore,
these image singularities can be combined to form only three or four simpler image singularities acting
on an image point of the isotropic material.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Green’s functions are prevalent in many aspects of theoretical
and computational mechanics and physics of solids. Many studies
discuss Green’s functions of an inﬁnite space for isotropic and
anisotropic elastic materials. The Green’s function for two-dimen-
sional deformations of an inﬁnite anisotropic elastic material sub-
jected to a line force and/or line dislocation has been obtained by
Eshelby et al. (1953), Stroh (1958), Willis (1970), Malen and Lothe
(1970), and Barnett and Lothe (1974). The Green’s function of an
inﬁnite plane for an anisotropic material can be reduced to isotro-
pic material directly by using the identity of material constants
(Ting (1996)). The relative works for an anisotropic elastic half-
plane subjected to a concentrated force and/or dislocation have
been considered by Head (1953, 1965), Tucker (1969), Braekhus
and Lothe (1971), Suo (1990), and Qu and Li (1991). However the
Green’s function for an isotropic half-plane cannot be constructed
directly from the anisotropic material. In general, the solution of
anisotropic problems with boundaries usually cannot be reduced
to isotropic case directly because of the mathematic degeneration
between anisotropic and isotropic problem. This study presents
the Green’s function of a planar anisotropic half-plane based onll rights reserved.
: +886 2 23631755.Lekhnitskii’s formalism (1963). The study also analyzes the pro-
cesses for the Green’s function of an anisotropic half-plane degen-
erate to an isotropic half-plane.
There is an interesting group of solutions for the inﬁnite space
of an elastic isotropic material, which are referred to as the nuclei
of strain solutions. The Kelvin’s problem is a classic solution of
concentrated point force acting in an isotropic inﬁnite space.
Mindlin’s solution (1936) for a point force in the interior of isotro-
pic elastic half-space is constructed by a process of superposition
of the nuclei. Mindlin and Cheng (1950) have summarized the
family of nuclei strain solutions in their study. An earlier study
on the two-dimensional problem suggests that adding a distribu-
tion of force along the boundary, thereby eliminating the net
surface traction, results in the Green’s function for a two-dimen-
sional half-plane with free boundary. With this approach, the solu-
tion is not explicit in that the ﬁnal solution requires integration of
the distributed forces along the boundary. Mindlin’s solution for
the isotropic elastic half-space consists of inﬁnite space solutions
that are applied at two points with equi-distant from the free sur-
face. These two points are referred as to the object and image
points, respectively, and the solutions obtained are known as the
technique of image method. There are series studies based on the
Mindlin’s solution such as Phan-Thien (1983), Dundurs and Hete-
nyi (1965), Vijayakumar and Cormack (1987a,b), and Carvalho
and Curran (1992). It is worthy to note that Carvalho and Curran’s
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rial is a reduction of the three-dimensional approach derived by
Vijayakumar and Cormack. Ma and Lin (2001) constructed an im-
age singularity system of a two-dimensional isotropic material.
In their works, the Green’s function of a half-plane and biomaterial
includes several Green’s functions for an inﬁnite plane with O(1/r),
O(1/r2), and O(1/r3) singularities. The number of the Green’s func-
tion for an inﬁnite plane depends both on the boundary condition
of the half-plane and on the applied loading.
The image method for the two-dimensional anisotropic or iso-
tropic anti-plane problem is well known. Ting (1992) extended
the image method for two-dimensional plane problems of aniso-
tropic materials. Ting’s approach was motivated by the solutions
obtained by Hwu and Yen (1991) for Green’s functions of an elliptic
hole in an inﬁnite anisotropic plane. The image singularities for the
Green’s function of the anisotropic half-plane subjected to concen-
trated force and dislocation are only concentrated forces and dislo-
cations. Hence the order of singularities for the applied loading and
image singularities is O(1/r) for anisotropic materials. Ma and Lin
(2001) obtained the Green’s function for isotropic half-plane and
biomaterial. Their study analyzes the properties of image singular-
ities in detail for traction-free and perfect bond boundary of an
isotropic material. Image singularities for an isotropic elastic
half-plane consist of O(1/r), O(1/r2), and O(1/r3) stress singularity.
The aim of this paper is to discuss the process for image singular-
ities with O(1/r) of an anisotropic material degenerating to form
higher order of stress singularities for an isotropic material. When
an anisotropic material degenerates to an isotropic material, all im-
age points coalesce to the same point, creating new and higher
order image singularities from the original image singularities. This
paper also discusses the process of combining certain dependent
higher order image singularities and then simplifying them to de-
rive solutions that match the results obtained byMa and Lin (2001)
for isotropic materials.
The concept of image method has been further extended to solve
more complicated problems of layered half-plane medium by Ma and
Lin(2002)andMaandLee(2009) foranisotropicmaterial andmagneto-
electroelastic material, respectively. The mathematical approach used
by them provided an automatic determination for the locations and
magnitudes of all image singularities. The image singularities are in-
duced to satisfy free surface and interface continuity conditions.
2. Governing equations of planar anisotropic material
The equilibrium equations for the elastostatic problem in the
absence of body forces are
rij;j ¼ 0; ð1Þ
where the repeated indices imply summation and The comma
stands for differentiation. The generalized Hooke’s law for an aniso-
tropic, homogeneous and linearly elastic solid is given by
eij ¼ aijklrkl; ð2Þ
where eij denotes the inﬁnitesimal strain tensor, and aijkl is the elas-
tic compliance satisfying the symmetry conditions. For a general
anisotropic material, the inplane and anti-plane deformations are
coupled. When the compliance matrix (or stiffness matrix) of an
anisotropic material possesses the form
½aij ¼
a11 a12 a13 0 0 a16
a22 a23 0 0 a26
a33 a34 a35 a36
a44 a45 0
sym: a55 0
a66
2666666664
3777777775
; ð3Þthe inplane and anti-plane deformations are uncoupled. The prob-
lem associated with the inplane problem is named as the planar
anisotropic problem. In fact, a monoclinic material with a symmetry
plane (x—y plane) not only satisﬁes the condition of (3) but also re-
quires a34 ¼ a35 ¼ 0.
For a two-dimensional planar anisotropic problem, the stress–
strain relation is dependent on only six independent material con-
stants that can be presented in a matrix form. If the body is in a
state of plane stress in the x—y plane, the stress–strain relation is
simpliﬁed as
exx
eyy
exy
264
375 ¼ a11 a12 a16a12 a22 a26
a16 a26 a66
264
375 rxxryy
rxy
264
375; ð4Þ
and rzz ¼ rxz ¼ ryz ¼ 0. For plane strain problem, the relation is ex-
pressed as
exx
eyy
exy
264
375 ¼ s11 s12 s16s12 s22 s26
s16 s26 s66
264
375 rxxryy
rxy
264
375; ð5Þ
and ezz ¼ exz ¼ eyz ¼ 0. The relation between sij and aij is (Lekhnitskii
(1963))
sij ¼ aij  ai3aj3=a33; i; j ¼ 1;2;6: ð6Þ
For a two-dimensional problem, the inplane stresses are repre-
sented by introducing the Airy stress function Uðx; yÞ as follows:
rxx ¼ @
2U
@y2
; ryy ¼ @
2U
@x2
; rxy ¼  @
2U
@x@y
: ð7Þ
Using the compatibility equation, the governing equation of a pla-
nar anisotropic material in the absence of body force is obtained as
s22
@4U
@x4
2s26 @
4U
@x3@y
þð2s12þ s66Þ @
4U
@x2@y2
2s16 @
4U
@x@y3
þ s11 @
4U
@y4
¼ 0;
ð8Þ
for the plane strain problem and
a22
@4U
@x4
 2a26 @
4U
@x3@y
þ ð2a12 þ a66Þ @
4U
@x2@y2
 2a16 @
4U
@x@y3
þ a11 @
4U
@y4
¼ 0; ð9Þ
for the plane stress problem.
3. Image singularities of a planar anisotropic half-plane
The locations of image singularities for an anisotropic half-
plane have been obtained by Ting (1996) by using the Stroh formu-
lation and image method. This section illustrates the derivation of
the Green’s function and properties of image singularities for a pla-
nar anisotropic half-plane by using the Lekhnitskii formulation and
the Fourier transform technique.
Take the Fourier transform to the governing equation (8) for the
plane strain problem results in an ordinary differential equation as
follows:
s22x4þ2s26ix3 d
~U
dy
ð2s12þ s66Þx2 d
2 ~U
dy2
2s16ixd
3U
dy3
þ s11 d
4U
dy4
¼ 0:
ð10Þ
The Fourier transform pairs are deﬁned as
~Uðx; yÞ ¼
Z 1
1
Uðx; yÞeixxdx; Uðx; yÞ ¼ 1
2p
Z 1
1
~Uðx; yÞeixxdx:
ð11Þ
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~Uðx; yÞ ¼
X4
j¼1
cjeipjxy; ð12Þ
where cj are unknown constants to be determined and pj are the
roots of the following characteristic equation:
s22  2s26pþ ð2s12 þ s66Þp2  2s16p3 þ s11p4 ¼ 0: ð13Þ
The coefﬁcients of the equation for p in (13) are real numbers,
there are two pairs of complex conjugate roots for p, i.e., pk ¼
ak þ ibk; pkþ2 ¼ pk, with k = 1, 2, ak and bk are real numbers, and
bk > 0.
The general solutions for stresses and displacements of the pla-
nar anisotropic problem in the Fourier transform domain are rep-
resented in a compact matrix form as
~r
~u
 
¼ Pheixpyic; ð14Þ
where
~r ¼ 1
x2
~ryy
~rxy
 
; ~u ¼ 1
ix
~ux
~uy
 
;
P ¼
1 1 1 1
p1 p2 p3 p4
nðp1Þ nðp2Þ nðp3Þ nðp4Þ
gðp1Þ gðp2Þ gðp3Þ gðp4Þ
26664
37775; c ¼
c1
c2
c3
c4
26664
37775;
heixpyi is a diagonal matrix, i.e., heixpyi ¼ diag½eixp1y; eixp2y;
eixp3y; eixp4y, in which ~ux and ~uy are displacement components in
the x and y axes, respectively, in the transform domain, and
nðpjÞ ¼ s11p2j þ s12  s16pj;gðpjÞ ¼ s12pj þ s22=pj  s26.
Consider a planar anisotropic half-plane, y > 0, subjected to a
concentrated force f ¼ ½fx; fyT and a dislocation with Burgers vector
b ¼ ½bx; byT at (x,y) = (0,h). For the anisotropic half-plane with a
traction-free boundary condition, the solutions in the transform
domain can be determined from the boundary and jump condi-
tions as follows:~ryy
~rxy
x~ux
x~uy
26664
37775¼ 1p2p1 ½Pij
ðp3p2Þq3eixðp1yp3hÞ þ ðp4p2Þq4eixðp1yp4hÞ
ðp1p3Þq3eixðp2yp3hÞ þ ðp1p4Þq4eixðp2yp4hÞ
ðp2p1Þq3eixp3ðyhÞ
ðp2p1Þq4eixp4ðyhÞ
26664
37775;
ð15Þ
whereq1
q2
q3
q4
26664
37775 ¼ ½Pij1
fy
fx
bx
by
26664
37775:The locations and magnitudes of image singularities can be ob-
tained from Eq. (15). From exponential terms in Eq. (15), the loca-
tions of the image singularities in the plane are expressed as
ðxjk; yjkÞ ¼ akbj þ ajbk
bj
h; bk
bj
h
 !
; j; k ¼ 1;2: ð16Þ
Comparing the Green’s functions (14) and (15), the corresponding
magnitudes of image singularities on the image points are ex-
pressed asf 01ky
f 01kx
b01kx
b01ky
2666664
3777775¼ Re
bP11 bP12 bP13 bP14
ibP11 ibP12 ibP13 ibP14bP21 bP22 bP23 bP24
ibP21 ibP22 ibP23 ibP24
266664
377775
8>><>>:
9>>=>>;
1
Re ðp2pkÞp1p2
bP ð2þkÞ1 bP ð2þkÞ2 bP ð2þkÞ3 bP ð2þkÞ4
ibP ð2þkÞ1 ibP ð2þkÞ2 ibP ð2þkÞ3 ibP ð2þkÞ4
0 0 0 0
0 0 0 0
266664
377775
8>>><>>:
9>>>=>>;
fy
fx
bx
by
26664
37775;
ð17aÞ
f 02ky
f 02kx
b02kx
b02ky
2666664
3777775¼ Re
bP11 bP12 bP13 bP14
ibP11 ibP12 ibP13 ibP14bP21 bP22 bP23 bP24
ibP21 ibP22 ibP23 ibP24
266664
377775
8>>><>>:
9>>>=>>;
1
Re ðp1pkÞp2p1
0 0 0 0
0 0 0 0bP ðkþ2Þ1 bP ðkþ2Þ2 bP ðkþ2Þ3 bP ðkþ2Þ4
ibP ðkþ2Þ1 ibP ðkþ2Þ2 ibP ðkþ2Þ3 ibP ðkþ2Þ4
266664
377775
8>><>>>:
9>>=>>>;
fy
fx
bx
by
26664
37775;
ð17bÞ
where ½bPij is the adjoint matrix of ½Pij, and the superscripts 1k and
2k for f and b indicate the image force and image dislocation on the
image points ðx1k; y1kÞ and ðx2k; y2kÞ, respectively.
The locations and magnitudes of the image singularities ex-
pressed in Eqs. (16) and (17) indicate that : (i) there are four image
points for the planar anisotropic half-plane, (ii) the image singular-
ities include concentrated forces and dislocations for applying
either a concentrated force or a dislocation in the half-plane, and
(iii) the locations of the image singularities are independent of
the applied singularity and they dependent on elastic constants
only.4. Coalescence of image singularities from anisotropic half-
plane degenerate to isotropic half-plane
For a two-dimensional planar anisotropic problem, the eigen-
values p are two pairs of conjugated complex constants which
are expressed in the previous section, i.e., pj ¼ aj  ibj. It is obvious
to indicate that the Green’s function of half-plane presented in (15)
is not valid for p1 ¼ p2 ¼ i, known as the eigenvalues of the isotro-
pic material. Therefore, the degeneration in mathematics limits the
solution obtained in an anisotropic problem reduced to an isotro-
pic problem.
From the locations and magnitudes of image singularities ex-
pressed in Eqs. (16) and (17) indicate that themagnitudes of the im-
age singularities tend to inﬁnity as the distance between the image
singularities approaches zero as the solution of anisotropicmaterial
degenerate to isotropicmaterial, i.e., p1 ¼ p2 ¼ i. The higher order of
image singularities is formed while the products of the magnitudes
and thedistance for the two singularities arebounded. The following
analysis derives the image singularities of an isotropic half-plane
from an anisotropic half-plane for the eigenvalue p2 ¼ a2 þ ib2 with
p1 ¼ a1 þ ib1 ¼ i and then taking the limit p2 ! i.
If the solution of taking the limit p2 ! i exists, the solution is
independent of the path of taking the limit. Thus, a special path
is taken along an angle h with respect to horizontal axis as shown
in Fig. 1. For convenience, we let a2 ¼ a and b2 ¼ b in the analysis.
In this path, b is expressed as a function of a and h as
b ¼ 1þ a tan h: ð18Þ
From Eq. (18), taking the limit p2 ! i in the complex plane is the
same as taking the limit of a! 0 in a real number. The relations
of the elastic constants and eigenvalues can be expressed as
i
p
2
i θ
Fig. 1. The path that the limit is taken in the complex variable plane.
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 
: ð19Þ
Substituting Eq. (18) into Eq. (16), the locations of the four image
points are expressed as
ðx11; y11Þ ¼ ð0;hÞ; ðx12; y12Þ ¼ ðah;ð1þ a tan hÞhÞ;
ðx22; y22Þ ¼ ð2ah;hÞ; ðx21; y21Þ ¼ ah1þa tan h ; h1þa tan h
 
:
ð20aÞ
The geometric conﬁguration for the locations of the four image
points is indicated in Fig. 2a for a > 0. Fig. 2b indicates the threeθ
θ θ
Fig. 2a. Object point and image points.
Object point
y
x
Image point
h
1x
1y
2y
3y
3x
2x
Fig. 2b. Geometric conﬁguration of vertical and horizontal distances between
image points.horizontal and vertical distances between the image points that
are expressed as follows:
x1 ¼ ah1þ a tan h ; y1 ¼
a tan hh
1þ a tan h ;
x2 ¼ ah; y2 ¼ ð1þ a tan hÞh; ð20bÞ
x3 ¼ 32 x2 
1
2
x1; y3 ¼
1
2
ðy1 þ y2Þ:
The magnitudes of the image singularities depend on the ap-
plied loadings. The expressions for the magnitude of the image sin-
gularities are very complicated and tedious for applying both
concentrated force and dislocation. This study presents the de-
tailed analysis for four cases, including image singularities due to
the vertical and horizontal concentrated forces and dislocations.5. Image singularities of half-plane subjected to a vertical
concentrated force
Consider an anisotropic half-plane with a traction-free bound-
ary subjected to a concentrated vertical force fy at ðx; yÞ ¼ ð0; hÞ. Re-
call that the image singularities on each image point consist of
horizontal and vertical concentrated forces and dislocations. The
magnitudes of the image singularities can be obtained from equa-
tions (17a) and (17b) by letting fx ¼ bx ¼ by ¼ 0. The corresponding
magnitudes of image concentrated forces and dislocations are
listed in Table 1. It is clearly indicated in Table 1 that there are
three image singularities (i.e., fx; fy and bxÞ with O(1/r) at the image
points ðx11; y11Þ and ðx22; y22Þ, while there are four image singular-
ities (i.e., fx; fy; bx and byÞ at the image points ðx12; y12Þ and ðx21; y21Þ.
Fig. 2c displays the associated geometric conﬁguration for these 14
image singularities. Table 1 also indicates that the magnitudes of
image singularities become inﬁnity as a! 0 and that the four im-
age points coalesce to one point, i.e., ðxjk; yjkÞ ¼ ð0;hÞ. As taking
the limit a! 0, the higher order image singularities will be formed
if the product of the magnitude of image singularity and distance
between the image points are bonded. The higher order image sin-
gularities could be formed from the coalescence of two vertical
concentrated forces, horizontal concentrated forces, dislocations
with vertical Burgers vector, and dislocations with horizontal Bur-
gers vector. The following analysis illustrates the detailed process
of deriving higher order image singularities from image forces
and dislocations.
5.1. Coalescence of horizontal image concentrated forces
The horizontal image concentrated force f 21x at the image point
ðx21; y21Þ is decomposed as (see Fig. 3a)
f 21x ¼ f 11x þ ðf 21x þ f 11x Þ: ð21Þ
As a! 0, the magnitude of image forces tends to inﬁnite while the
distance between the image points approaches zero. The image
forces f 11x at ðx21; y21Þ and f 11x at ðx11; y11Þ consolidate to a double
force along the x direction with magnitude Pð1Þx and a couple along
the y direction with magnitude Cð1Þy , while the horizontal concen-
trated force f 21x þ f 11x remains at the image point ðx21; y21Þ (see
Fig. 3b). The magnitudes of these two higher order singularities
are determined to be
Pð1Þx ¼ lima!0f
11
x x1 ¼ 
1
1þ tan2 h fyh; ð22aÞ
Cð1Þy ¼ lima!0f
11
x y1 ¼ 
tan h
1þ tan2 h fyh: ð22bÞ
The subscripts x for Pð1Þx and y for C
ð1Þ
y denote the direction of the two
horizontal concentrated forces that coalesce to form higher order
Table 1
The image singularities of an anisotropic half-plane subjected to a vertical force fy .
Image singularity at image point ðx11; y11Þ f 11x ¼ cos
2 h
a fy
f 11y ¼ ðs11s12Þ cos
2 hþs11aðaþsin 2hÞ
s11a2
fy
b11x ¼
as11ðs12  s11Þðaþ sin 2hÞ
þðs11a2  ðs11  s12Þ2Þ cos2 h
 
s11a2
fy
b11y ¼ 0
Image singularity at image point ðx12; y12Þ f 12x ¼ s11a cos
2 h sin 2hþ2ðs12þs11Þ cos4 h
s11a 2a sin2hþ4 cos2 hþa2ð Þ fy
f 12y ¼
2ðs12  s11Þa2 cos2 hðaþ 3 cos h sin hÞ
þð2s11a2 þ 4s12  4s11Þ cos4 h
 
s11a2 2a sin2hþ4 cos2 hþa2ð Þ fy
b12x ¼
s211a
2 þ 3ðs11  s12Þ2
 
a cos2 h sin 2h
þ4 s11s12a2 þ ðs11  s12Þ2
 
cos4 hþ 2ðs11  s12Þ2a2 cos2 h
24 35
s11a2 2a sin 2hþ4cos2 hþa2ð Þ fy
b12y ¼
2s11ðs12  3s11Þ cos2 h s211a2
 
a sin 2h
þ2 ðs11 þ s12Þ2  2s211
 
cos4 hþ 2s211a2 cos2 hð3 cos2 h 4Þ
" #
s11a 2a sin 2hþ4 cos2 hþa2ð Þ fy
Image singularity at image point ðx21; y21Þ f 21x ¼  s11a cos
2 h sin 2hþ2ðs12þs11 Þ cos4 h
s11a 2a sin 2hþ4 cos2 hþa2ð Þ fy
f 21y ¼
ðs12  5s11Þ cos2 h s11a2
 
a sin 2hþ 4ðs12  s11Þ cos4 h
þ2s11a2 cos2 hð3 cos2 h 4Þ
 
s11a2 2a sin 2hþ4cos2 hþa2ð Þ fy
b21x ¼
2a sin h s
2
11a
2ð5 cos4 h a2Þ þ ðs11  s12Þðs12  9s11Þ cos4 h
þ2s11ðs12  7s11Þa2 cos2 h
 
þ 12s11ð2s211  s12Þa2  4ðs11  s12Þ2
 
cos5 h
þ16s11ðs12  2s11Þa2 cos3 hþ 2s211a4 cos hð5 cos2 h 6Þ
8>><>>:
9>>=>>;
s11a2 2a sin 2hþ4cos2 hþa2ð Þ fy
b21y ¼
2s11ðs12  3s11Þ cos2 h s11a2
 
a sin 2h
þ2s11a2 cos2 hð3 cos2 h 4Þ
þ2 ðs12 þ 3s11Þðs12  s11Þð Þ cos4 h
24 35
s11a2 2a sin 2hþ4cos2 hþa2ð Þ fy
Image singularity at image point ðx22; y22Þ f 22x ¼  cos
2 h
a fy
f 22y ¼ ðs11s12Þ cos
2 h
s11a2
fy
b22x ¼ as11ðs12s11Þðaþsin 2hÞþðs11a
2ðs11s12Þ2Þ cos2 h
s11a2
fy
b22y ¼ 0
yf
21
xf 22yf
21
yf
11
xf 22xf
11
yf
12
yf
12
xf
21
yb
12
yb
22
xb
21
xb
12
xb
11
xb
Fig. 2c. Image singularities for an anisotropic half-plane.
1111
1x
1y
2121
11
xf−
2111
xx ff +
11
xf
Fig. 3a. Decoupling of concentrated forces into two equal magnitudes with
opposite direction at the image points ðx11; y11Þ and ðx21; y21Þ.
)1(
yC
)1(
xP
2111
xx ff +
1111
2121
Fig. 3b. Formation of the double force, the couple, and the remaining concentrated
force at the image point ðx21; y21Þ.
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force f 12x at the image point ðx12; y12Þ is decomposed as
f 12x ¼ f 22x þ ðf 12x þ f 22x Þ: ð23Þ
The negative image force f 22x at ðx12; y12Þ and the image force f 22x at
the image point ðx22; y22Þ coalesce to form a double force along the x
direction with magnitude Pð2Þx and a couple along the y direction
with magnitude Cð2Þy . There is a concentrated force f
12
x þ f 22x remains
at the image point ðx12; y12Þ. The magnitudes of the double force and
couple are expressed as follows:
Pð2Þx ¼ lima!0 f
22
x x2 ¼ 
1
1þ tan2 h fyh; ð24aÞ
Cð2Þy ¼ lima!0 f
22
x y2 ¼ 
tan h
1þ tan2 h fyh: ð24bÞ
Next, the remaining force f 21x þ f 11x at the image point ðx21; y21Þ can
be further decoupled as (see Fig. 4a)
f 21x þ f 11x ¼ ðf 12x þ f 22x Þ þ f 11x þ f 12x þ f 21x þ f 22x : ð25Þ
)( x
,
y1212
21 )21 yx(
, 22211211
xxxx ffff +++
2212
xx ff +
)( 2212 xx ff +−
12 xx −
21 yy +
Fig. 4a. Decoupling of the concentrated forces into two equal magnitudes with
opposite direction at the image points ðx12; y12Þ and ðx21; y21Þ.
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f 12x þ f 22x at the image point ðx12; y12Þ are combined to form a double
force with magnitude Prx and a couple with magnitude C
r
y. The image
point ðx21; y21Þ has a remaining concentrated force with magnitude
f 11x þ f 12x þ f 21x þ f 22x (see Fig. 4b). The magnitudes of the double force
and couple are expressed as
Prx ¼ lima!0ðf
12
x þ f 22x Þðx2  x1Þ ¼ 0; ð26aÞ
Cry ¼ lima!0ðf
12
x þ f 22x Þðy1 þ y2Þ ¼
ðs11  s12Þ tan h
s11ð1þ tan2 hÞ
fyh: ð26bÞ
It is found that double forces Pð1Þx and P
ð2Þ
x and the couples C
ð1Þ
y ; C
ð2Þ
y ,
and Cry are all ﬁnite values as a! 0, implying that a! 0 does not
generate higher order image singularities. The following discussion
summarizes the results from the previous analysis:
(i) O(1/r) stress singularity
The image singularities at the image point ðx21; y21Þ is f 11x þ f 12x þ
f 21x þ f 22x , the magnitude of the image horizontal force f tx is deter-
mined from Table 1 as
f tx ¼ lima!0ðf
11
x þ f 12x þ f 21x þ f 22x Þ ¼ 0: ð27Þ
Hence, the horizontal image concentrated forces do not induce O(1/
r) image singularity.
(ii) O(1/r2) stress singularity
From Eqs. (22a), (24a) and (26a), the magnitude of the double
force Px is determined as
Px ¼ lim
a!0
ðPð1Þx þ Pð2Þx Þ þ Prx ¼
2
1þ tan2 h fyh: ð28Þ
From Eqs. (22b), (24b) and (26b), the magnitude of the couple Cy is
determined as
Cy ¼ lim
a!0
ðCð1Þy þ Cð2Þy Þ þ Cry ¼
ðs11 þ s12Þ tan h
s11ð1þ tan2 hÞ
fyh: ð29Þ
The horizontal image concentrated force induces two O(1/r2) image
singularities at the image point ð0;hÞ.
(iii) O(1/r3) stress singularity
There is no O(1/r3) image singularity.1212
2121
r
xP
22211211
xxxx ffff +++
r
yC
Fig. 4b. Formation of the double force, the couple, and the remaining concentrated
force at the image point ðx21; y21Þ.5.2. Coalescence of vertical image concentrated forces
The analysis of image singularities for vertical image concen-
trated forces is similar to that presented in (a). The results of
replacing f jkx by f
jk
y in Eqs. (21)–(29) are summarized as follows:
(i) O(1/r) stress singularity
Themagnitude of the vertical image force f ty at the image point is
f ty ¼ lima!0ðf
11
y þ f 12y þ f 21y þ f 22y Þ ¼ fy: ð30Þ
The resultant vertical image concentrated force at the image point is
equal to the applied force at the object point.
(ii) O(1/r2) stress singularity
The O(1/r2) image singularities consisting a double force with
magnitude Py and a couple with magnitude Cx are represented as
Py ¼ lim
a!0
ðPð1Þy þ Pð2Þy Þ þ Pry ¼
2s12 tan2 h
s11ð1þ tan2 hÞ
fyh; ð31aÞ
Cx ¼ lim
a!0
ðCð1Þx þ Cð2Þx Þ þ Crx ¼
ðs11 þ s12Þ tan h
s11ð1þ tan2 hÞ
fyh; ð31bÞ
where
Pð1Þy ¼ f 11y y1 ¼ 
s11a sin 2hþ ðs11  s12Þ cos2 hþ s11a2
 
tan h
s11að1þ a tan hÞ fyh;
ð32aÞ
Pð2Þy ¼ f 22y y2 ¼
ðs11  s12Þ sin 2h
2s11a
fyh; ð32bÞ
lim
a!0
ðPð1Þy þ Pð2Þy Þ ¼ 
ðs11 þ s12Þ sin2 h
s11
fyh; ð32cÞ
Pry ¼ lima!0ðf
12
y þ f 22y Þðy1 þ y2Þ ¼
ðs11  s12Þ sin2 h
s11
fyh; ð32dÞ
Cð1Þx ¼ f 11y x1 ¼
ðs11a sin 2hþ ðs11  s12Þ cos2 hþ s11a2Þ
s11að1þ a tan2 hÞ
fyh; ð32eÞ
Cð2Þx ¼ f 22y x2 ¼
ðs12  s11Þ cos2 h
s11a
fyh; ð32fÞ
lim
a!0
Cð1Þx þ Cð2Þx ¼
ðs12 þ s11Þ sin 2h
2s11
fyh; ð32gÞ
Crx ¼ lima!0ðf
12
y þ f 22y Þðx2  x1Þ ¼ 0: ð32hÞ
There are two types of O(1/r2) image singularities. Further, note that
the image double forces and couples in Eqs. (32a), (32b), (32e), and
(32f) tend to inﬁnity as a! 0. Hence, the higher order image singu-
larities, i.e., O(1/r3) are generated by image double forces, Pð1Þy and
Pð2Þy and couple,C
ð1Þ
x and C
ð2Þ
x .
(iii) O(1/r3) stress singularity
The double force Pð1Þy at the midpoint between ðx11; y11Þ and
ðx21; y21Þ can be decomposed into
Pð1Þy ¼ Pð2Þy þ ðPð1Þy þ Pð2Þy Þ: ð33Þ
The double forces Pð2Þy in (33) and Pð2Þy at the midpoint between
ðx12; y12Þ and ðx22; y22Þ combine to form new higher order image sin-
gularities, i.e., the multiplet along the x direction with magnitude
FPyx and the y direction with magnitude F
Py
y . This combination results
in (see Fig 5a)
FPyx ¼ lima!0 P
ð2Þ
y x3 ¼
ðs11  s12Þ tan h
s11ð1þ tan2 hÞ
fyh
2
; ð34aÞ
FPyy ¼ lima!0P
ð2Þ
y y3 ¼
ðs11  s12Þ tan2 h
s11ð1þ tan2 hÞ
fyh
2
: ð34bÞ
The double forces Pð1Þy þ Pð2Þy in (33) are ﬁnite as a! 0, and the resul-
tant image double forces are indicated in (32c).
xbxb−
)(lim
0
xbxx ⋅=
→α
κ
jkjk
rsrs
3x
3y
)2(
yP
)1(
yP
11
21 21
11
12
22 22
12
Fig. 5a. Multiplet generated from double forces.
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ð2Þ
x at the image points are combined to
form new image singularities, i.e., the multiplet along the x direc-
tion with magnitude XCxx and the y direction with magnitude X
Cx
y .
The magnitudes of the multiplet are (see Fig. 5b)
XCxx ¼ lima!0C
ð2Þ
x x3 ¼
s12  s11
s11ð1þ tan2 hÞ
fyh
2
; ð35aÞ
XCxy ¼ lima!0 C
ð2Þ
x y3 ¼
ðs11  s12Þ tan h
s11ð1þ tan2 hÞ
fyh
2
: ð35bÞ
The couple Cð1Þx þ Cð2Þx at image points are ﬁnite as a! 0, and the
resultant image double forces are indicated in (32g). The O(1/r3) im-
age singularity is the highest order.
5.3. Coalescence of image dislocation with horizontal Burgers vector
By replacing the image singularities f jk by bjk and repeat the
work that has been done in the previous section, we obtain stress
singularities of different order that we can summarize as follows:
(i) O(1/r) stress singularity
The resultant dislocation with Burgers vector btx at an image
point is
btx ¼ lima!0ðb
11
x þ b12x þ b21x þ b22x Þ ¼ 2ðs11 þ s12Þfy: ð36Þ
It is interesting to indicate that apply concentrated force fy will in-
duce the image dislocation with Burgers vector bx for the isotropic
material.
(ii) O(1/r2) stress singularity
The O(1/r2) image singularities consists of center of shear and
center of extension jx and cy, respectively. The magnitude of jx is
jx ¼ lim
a!0
ðjð1Þx þ jð2Þx Þ þ jrx ¼
ðs12  s11Þ2 tan h
s11ð1þ tan2 hÞ
fyh; ð37Þ
where
jð1Þx ¼ b11x x1; jð2Þx ¼ b22x x2; and jrx ¼ lima!0ðb
12
x þ b22x Þðx2  x1Þ:
The magnitude of cy is
cy ¼ lima!0ðc
ð1Þ
y þ cð2Þy Þ þ cry ¼
2ðs212  s211Þ tan2 h
s11ð1þ tan2 hÞ
fyh; ð38Þ)1(
xC
)2(
xC
3x
3y11
21 21
11
12
22 22
12
Fig. 5b. Multiplet generated from couple.where
cð1Þy ¼ b11x y1; cð2Þy ¼ b22x y2; and cry ¼ lima!0ðb
12
x þ b22x Þðy1 þ y2Þ:
The geometric conﬁgurations for jx and cy are shown in Figs. 6a and
6b, respectively. There are two types of O(1/r2) image singularities
induced by image dislocation bx.
(iii) O(1/r3) stress singularity
The O(1/r3) image singularities are formed due to center of
shear jx and center of extension cy. The image singularities of
the multiplet are Kjxx ; K
jx
y ; C
cy
x , and C
cy
y with magnitudes
Kjxx ¼ lima!0 j
ð2Þ
x x3 ¼
ðs11  s12Þ2
s11ð1þ tan2 hÞ
fyh
2
; ð39aÞ
Kjxy ¼ lima!0j
ð2Þ
x y3 ¼
ðs11  s12Þ2 tan h
s11ð1þ tan2 hÞ
fyh
2
; ð39bÞ
C
cy
x ¼ lim
a!0
cð2Þy x3 ¼
ðs11  s12Þ2 tan h
s11ð1þ tan2 hÞ
fyh
2
; ð39cÞ
C
cy
x ¼ lim
a!0
cð2Þy y3 ¼
ðs11  s12Þ2 tan2 h
s11ð1þ tan2 hÞ
fyh
2
: ð39dÞ
The results show four image singularities with O(1/r3).
5.4. Coalescence of image dislocation with vertical Burger’s vector
The image singularities induced by the image dislocation bjky are
summarized as follows:
(i) O(1/r) stress singularity
The resultant dislocation with Burgers vector bty at the image
point is
bty ¼ lima!0ðb
11
y þ b12y þ b21y þ b22y Þ ¼ 0: ð40Þ
This result indicates that no further dislocation by is induced.
(ii) O(1/r2) stress singularity
The O(1/r2) image singularities consist of center of shear and
center of extension with magnitude jy and cx, respectively. The
magnitude of jy is
jy ¼ jð1Þy þ jð2Þy þ jry ¼
ðs212 þ 2s11s12  3s211Þ tan h
s11ð1þ tan2 hÞ
fyh; ð41ÞFig. 6a. Center of shear.
jkjk
rsrs
xb
xb− )(lim
0
ybxy ⋅=
→α
γ
Fig. 6b. Center of extension.
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jð1Þy ¼ lima!0b
11
y y1; j
ð2Þ
y ¼ lima!0 b
22
y y2; and
jry ¼ lima!0ðb
12
y þ b22y Þðy1 þ y2Þ:
The magnitude of cx is
cx ¼ cð1Þx þ cð2Þx þ crx ¼ 0; ð42Þ
where
cð1Þx ¼ lima!0b
11
y x1; c
ð2Þ
x ¼ lima!0 b
22
y x2; and
crx ¼ lima!0ðb
12
y þ b22y Þðx2  x1Þ:
The magnitudes of center of shear,jð1Þy and j
ð2Þ
y , and center extension,
cð1Þx and c
ð2Þ
x , are vanish because the image dislocations b
11
y and b
22
y
are all zero. There is only one image singularity of O(1/r2) is induced
by the image dislocation bjky .
(iii) O(1/r3) stress singularity
The image dislocations bjky does not induce any O(1/r
3) image
singularity.
6. Remarks and simpliﬁcations of image singularities for
isotropic material
The previous section illustrates the coalescence of image singu-
larities for an anisotropic half-plane subjected to vertical concen-
trated force degenerating to an isotropic half-plane. The image
singularities for an isotropic material include three different orders
of stress singularity, i.e., O(1/r), O(1/r2), and O(1/r3). The O(1/r)
image singularity consists of vertical force fy and dislocation bx.
The seven O(1/r2) image singularities include double force with
magnitudes Px and Py, couple with magnitudes Cx and Cy, center
of shear with magnitudes jx and jy, and center of extension with
magnitude cy. The O(1/r
3) image singularities include eight kinds
of multiplet: FPyx ; F
Py
y ; X
Cx
x ; X
Cx
y ; K
jx
x ; K
jx
y ; C
cy
x , and C
cy
y . Hence,
there are seventeen image singularities at the image point
ð0;hÞ. For an isotropic material, the aforementioned coefﬁcients
sij are expressed asTable 2
Image singularities of the anisotropic half-plane subjected to a vertical force fy .
Image singularities Magnitude
O(1/r) stress singularity Vertical force f ty fy
Dislocation btx
k1
2l fy
O(1/r2) stress singularity Double force Px 21þtan2 h fyh
Double force Py 2ð3kÞ tan2 h
ð1þkÞð1þtan2 hÞ
Center of extension cy 2ð1kÞ tan2 h
lð1þkÞð1þtan2 h
Couple Cx 2ðk1Þ tan hð1þkÞð1þtan2 hÞ
Couple Cy 2ð1kÞ tan hð1þkÞð1þtan2 hÞ
Center of shear jx 2 tan hlð1þkÞð1þtan2 h
Center of shear jy 2k tan hlð1þkÞð1þtan2 h
O(1/r3) stress singularity Multiple FPyy 4 tan
2 h
ð1þkÞð1þtan2 hÞ
Multiple C
cy
y
2 tan2 h
lð1þkÞð1þtan2 h
Multiple XCxx 4ð1þkÞð1þtan2 hÞ
Multiple Kjxx 2lð1þkÞð1þtan2 h
Multiple XCxy 4 tan hð1þkÞð1þtan2 hÞ
Multiple C
cy
x
2 tan h
lð1þkÞð1þtan2 h
Multiple Kjxy 2 tan hlð1þkÞð1þtan2 h
Multiple FPyx 4 tan hð1þkÞð1þtan2 hÞs11 s12 s16
s12 s22 s26
s16 s26 s66
264
375 ¼ 1
8l
1þ k k 3 0
k 3 1þ k 0
0 0 2
264
375; ð43Þ
where
k ¼ 3 4m for plane strain;3m
1þm for plane stress;
(
l is the shear modulus and m is the Poisson’s ratio. From Eq. (43),
the magnitudes of image singularities obtained in the previous sec-
tion are summarized and are indicated in Table 2. It is noted that
the results presented in the previous section are different to the re-
sult obtained by Ma and Lin (2001). However, from the fact that the
fundamental solution with higher order stress singularity (O(1/r2)
and O(1/r3)) are dependent, we will show that these two results
are identical. For example, the double force Py and the center of
extension cy combine to form a double force Px if the magnitudes
of Py and cy satisfy the following relation:
Py ¼ lð3 kÞ1 k cy: ð44Þ
Obviously, the magnitudes of Py and cy presented in Eqs. (31a) and
(38) satisfy this relation. After combination, the resultant double
force Px can be derived as
Px ¼ lð1þ kÞk 1 cy ¼
1þ k
k 3 Py ¼
2 tan2 h
1þ tan2 h fyh: ð45Þ
Adding Px in Eq. (45) to the original double force Px in Eq. (28) re-
sults in O(1/r2) stress singularities represented as
Px ¼ 2
1þ tan2 h fyhþ
2 tan2 h
1þ tan2 h fyh ¼ 2f yh: ð46Þ
In Table 2, the other four image singularities with O(1/r2) stress sin-
gularity will vanish after combination because jy ¼ kjx and
Cx ¼ Cy. On the other hand, the O(1/r3) image singularities, i.e.,
multiplets with magnitudes FPyy ;X
Cx
x ;K
jx
x ;C
cy
y can be combined to
form a double moment with magnitude Mx resulting inImage singularities after combination Magnitude
Vertical force f ty fy
Dislocation btx
k1
2l fy
Double force Px 21þtan2 h fyh
fyh
2 tan2 h
1þtan2 h fyh
Þ fyh
fyh Vanish
fyh
Þ fyh
Þ fyh
fyh
2 Double moment along x direction Mx 2 tan2 hfyh2
ð1þkÞð1þtan2 hÞ
Þ fyh
2
fyh
2 2f yh
2
ð1þkÞð1þtan2 hÞ
Þ fyh
2
fyh
2 Vanish
Þ fyh
2
Þ fyh
2
fyh
2
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2
: ð47Þ
Furthermore, the combination of the other four multiplets
FPyx ;X
Cx
y ;K
jx
y , and C
cy
x is vanished. Note that the results obtained by
simplifying the singularities of O(1/r2) and O(1/r3) the same as that
presented by Ma and Lin (2001). There are only four image singular-
ities at the image point ð0;hÞ for the isotropic material, i.e.,
Oð1=rÞ Concentrated force : f ty ¼ fy; Oð1=r2Þ Double force : Px ¼2f yh;
Dislocation : btx ¼
k1
2l fy; Oð1=r
3Þ Double moment : Mx ¼ 21þ kfyh
2
:7. Image singularities of a half-plane subjected to other
loadings
The procedure for analyzing image singularities of a half-plane
subjected to a horizontal concentrated force fx, dislocations bx and
by is similar to that discussed in the previous section. This section
presents only the ﬁnal results.7.1. Half-plane subjected to a horizontal concentrated force fx
The image singularities of a half-plane subjected to a horizontal
concentrated force with magnitude fx consist of three different or-
der of stress singularity, i.e., O(1/r), O(1/r2), and O(1/r3). The image
singularities with O(1/r) are horizontal force with magnitude f tx
and dislocation with vertical Burgers vector bty and
f tx ¼ fx; bty ¼ 2ðs11 þ s12Þfx: ð48Þ
The seven O(1/r2) image singularities include couple with magni-
tudes Cx and Cy, double force with magnitudes Px and Py, center
of extension with magnitudes cx and cy, and center of shear with
magnitude jx. These magnitudes are represented asTable 3
Image singularities of the isotropic half-plane subjected to the horizontal force fx .
Image singularities Magnitude
O(1/r) stress singularity Horizontal force f tx fx
Dislocation bty
1k
2l fx
O(1/r2) stress singularity Couple Cx 21þtan2 h fxh
Couple Cy 2 tan2 h
1þtan2 h fxh
Center of shear jy 2 tan2 h
lð1þtan2 hÞ fxh
Double force Py 2ð1kÞ tan hð1þkÞð1þtan2 hÞ
Double force Px 2ð3þkÞ tan hð1þkÞð1þtan2 hÞ
Center of extension cx 2 tan hlð1þkÞð1þtan2 h
Center of extension cy 2k tan hlð1þkÞð1þtan2 h
O(1/r3) stress singularity Multiple FPxx 4ð1þkÞð1þtan2 hÞ
Multiple Ccxx 2lð1þkÞð1þtan2 h
Multiple XCyy 4 tan
2 h
ð1þkÞð1þtan2 hÞ
Multiple Kjyy 2 tan
2 h
lð1þkÞð1þtan2 h
Multiple XCyx 4 tan hð1þkÞð1þtan2 hÞ
Multiple Kjyx 2 tan hlð1þkÞð1þtan2 h
Multiple FPxy 4 tan hð1þkÞð1þtan2 hÞ
Multiple Ccxy 2 tan hlð1þkÞð1þtan2 hPx ¼ ð3s11  s12Þ tan h
s11ð1þ tan2 hÞ
fxh; Py ¼ ðs11 þ s12Þ tan h
s11ð1þ tan2 hÞ
fxh;
Cx ¼ 2
1þ tan2 h fxh; Cy ¼
2
1þ tan2 h fxh;
cx ¼
ðs11  s12Þ2 tan h
s11ð1þ tan2 hÞ
fxh; cy ¼
ðs212 þ 2s11s12  3s211Þ tan h
s11ð1þ tan2 hÞ
fxh;
jy ¼ 4ðs11  s12Þ tan
2 h
1þ tan2 h fxh:
ð49Þ
The O(1/r3) stress singularity includes eight multiplets with magni-
tudes FPxx ; F
Px
y ; X
Cy
x ; X
Cy
y ; K
jy
x ; K
jy
y ; C
cx
x , and C
cx
y that are represented
as
FPxx ¼
s11  s12
s11ð1þ tan2 hÞ
fxh
2
; FPxy ¼
ðs11  s12Þ tan h
s11ð1þ tan2 hÞ
fxh
2
;
XCyx ¼
ðs11  s12Þ tan h
s11ð1þ tan2 hÞ
fxh
2
; XCyy ¼
ðs12  s11Þ tan2 h
s11ð1þ tan2 hÞ
fxh
2
;
Kjyx ¼
ðs11  s12Þ2 tan h
s11ð1þ tan2 hÞ
fxh
2
; Kjyy ¼
ðs11  s12Þ2 tan2 h
s11ð1þ tan2 hÞ
fxh
2
;
Ccxx ¼
ðs11  s12Þ2
s11ð1þ tan2 hÞ
fxh
2
; Ccxy ¼
ðs11  s12Þ2 tan h
s11ð1þ tan2 hÞ
fxh
2
:
ð50Þ
There are 17 image singularities at the image point ð0;hÞ. How-
ever, because of the dependence of fundamental solution for O(1/
r2) and O(1/r3) stress singularities, these image singularities can
be combined and simpliﬁed. The compact results are summarized
in Table 3. There are only four image singularities at the image point
ð0;hÞ for the isotropic material, i.e.,
Oð1=rÞ Concentrated force : f tx ¼ fx; Oð1=r2Þ Couple : Cx ¼ 2f xh;
Dislocation : bty ¼
1 k
2l
fx; Oð1=r3Þ Double moment : My ¼ 21þ kfxh
2
:Image singularities after Combination Magnitude
Horizontal force f tx fx
Dislocation bty
1k
2l fx
Couple Cx 21þtan2 h fxh
2 tan2 h
1þtan2 h fxh
fxh Vanish
fxh
Þ fxh
Þ fxh
fxh
2 Double moment along y direction My 2f xh2
ð1þkÞð1þtan2 hÞ
Þ fxh
2
fxh
2 2 tan2 hfxh
2
ð1þkÞð1þtan2 hÞ
Þ fxh
2
fxh
2 Vanish
Þ fxh
2
fxh
2
Þ fxh
2
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vector bx
A dislocation with horizontal Burger’s vector btx represents the
only O(1/r) image singularity. The magnitude of btx is
btx ¼ bx: ð51Þ
The seven O(1/r2) image singularities include the couple with mag-
nitude Cx and Cy, center of shear with magnitude jx and jy, center
of extension with magnitude cx and cy, and double force with mag-
nitude Py. These magnitudes are represented as
jx ¼ ðs12  3s11Þ tan h
s11ð1þ tan2 hÞ
bxh; jy ¼ ðs11 þ s12Þ tan h
s11ð1þ tan2 hÞ
bxh;
cx ¼
2
1þ tan2 h bxh; cy ¼
2s12 tan2 h
s11ð1þ tan2 hÞ
bxh;
Cx ¼  tan h
s11ð1þ tan2 hÞ
bxh; Cy ¼ tan h
s11ð1þ tan2 hÞ
bxh;
Py ¼ tan
2 h
s11ð1þ tan2 hÞ
bxh:
ð52Þ
The multiplet with magnitudes FPyx ; F
Py
y ; X
Cx
x ; X
Cx
y ; K
jx
x ; K
jx
y ; C
cy
x
and C
cy
y are represented by
FPyx ¼
tan h
s11ð1þ tan2 hÞ
bxh
2
; FPyy ¼
 tan2 h
s11ð1þ tan2 hÞ
bxh
2
;
XCxx ¼
1
s11ð1þ tan2 hÞ
bxh
2
; XCxy ¼
tan h
s11ð1þ tan2 hÞ
bxh
2
;
Kjxx ¼
s12  s11
s11ð1þ tan2 hÞ
bxh
2
; Kjxy ¼
ðs11  s12Þ tan h
s11ð1þ tan2 hÞ
bxh
2
;
C
cy
x ¼ ðs11  s12Þ tan h
s11ð1þ tan2 hÞ
bxh
2
; C
cy
y ¼ ðs12  s11Þ tan
2 h
s11ð1þ tan2 hÞ
bxh
2
:
ð53Þ
Hence, there are 16 image singularities at the image point ð0;hÞ.
After reduction and simpliﬁcation for the higher order of singulari-
ties, the compact results are summarized in Table 4. There are only
three image singularities at the image point ð0;hÞ for the isotropic
material, i.e.,Table 4
Image singularities of the isotropic half-plane subjected to a dislocation with Burger’s vec
Image singularities Magnitude
O(1/r) stress singularity Dislocation btx bx
O(1/r2) stress singularity Center of extension cx 21þtan2 hbxh
Double force Py 16l tan2 h
ð1þkÞð1þtan2 hÞ bxh
Center of extension cy 2ð3kÞ tan2 hð1þkÞð1þtan2 hÞ bxh
Couple Cx 8l tan hð1þkÞð1þtan2 hÞ bxh
Couple Cy 8l tan hð1þkÞð1þtan2 hÞ bxh
Center of shear jx 2ð3þkÞ tan hð1þkÞð1þtan2 hÞ bxh
Center of shear jy 2ð1kÞ tan hð1þkÞð1þtan2 hÞ bxh
O(1/r3) stress singularity Multiple FPyy
8l tan2 h
ð1þkÞð1þtan2 hÞ bxh
2
Multiple C
cy
y
4 tan2 h
ð1þkÞð1þtan2 hÞ bxh
2
Multiple XCxx
8l
ð1þkÞð1þtan2 hÞ bxh
2
Multiple Kjxx 4ð1þkÞð1þtan2 hÞ bxh
2
Multiple XCxy
8l tan h
ð1þkÞð1þtan2 hÞ bxh
2
Multiple Kjxy 4 tan hð1þkÞð1þtan2 hÞ bxh
2
Multiple C
cy
x
4 tan h
ð1þkÞð1þtan2 hÞ bxh
2
Multiple FPyx
8l tan h
ð1þkÞð1þtan2 hÞ bxh
2Oð1=rÞDislocation : btx¼bx; Oð1=r2ÞCenter of extension : cx¼2bxh;
Oð1=r3ÞDouble center of expansion : vy¼bxh2:7.3. Half-plane subjected to a dislocation with vertical Burgers vector
by
There is only one image singularity with O(1/r) stress singular-
ity exists at the image point. The image singularity is a dislocation
with vertical Burgers vector bty and the magnitude is
bty ¼ by: ð54Þ
The O(1/r2) image singularities include double force with magni-
tudes Px and Py, center of shear with magnitudes jx and jy, and cen-
ter of extension with magnitudes cx and cy. These magnitudes are
represented as
Px ¼  tan h
s11ð1þ tan2 hÞ
byh; Py ¼  tan h
s11ð1þ tan2 hÞ
byh;
jx ¼ 2
1þ tan2 h byh; jy ¼
2ðs12  s11Þ
s11ð1þ tan2 hÞ
byh;
cx ¼
ðs11 þ s12Þ tan h
s11ð1þ tan2 hÞ
byh; cy ¼
ðs11 þ s12Þ tan h
s11ð1þ tan2 hÞ
byh:
ð55Þ
The O(1/r3) stress singularity consists of the multiplet with magni-
tudes FPxx ; F
Px
y ; X
Cy
x ; X
Cy
y ; K
jy
x ; K
jy
y ; C
cx
x , and C
cx
y . These magnitudes
are represented as
FPxx ¼
1
s11ð1þ tan2 hÞ
byh
2
; FPxy ¼
tan h
s11ð1þ tan2 hÞ
byh
2
;
XCyx ¼
 tan h
s11ð1þ tan2 hÞ
byh
2
; XCyy ¼
tan2 h
s11ð1þ tan2 hÞ
byh
2
;
Kjyx ¼
ðs12  s11Þ tan h
s11ð1þ tan2 hÞ
byh
2
; Kjyy ¼
ðs11  s12Þ tan2 h
s11ð1þ tan2 hÞ
byh
2
;
C
cy
x ¼ s12  s11
s11ð1þ tan2 hÞ
byh
2
; C
cy
y ¼ ðs11  s12Þ tan
2 h
s11ð1þ tan2 hÞ
byh
2
:
ð56Þ
Note that the half-plane subjected to a vertical dislocation includes
only ﬁfteen image singularities. These singularities ﬁnally simplifytor bx .
Image singularities after Combination Magnitude
Dislocation btx bx
Center of extension cx 21þtan2 h bxh
2 tan2 h
1þtan2 h bxh
Vanish
Double center of expansion along y direction vy  tan2 h
1þtan2 hbxh
2
 1
1þtan2 hbxh
2
Vanish
Table 5
Image singularities of the isotropic half-plane subjected to a dislocation with Burger’s vector by .
Image singularities Magnitude Image singularities after combination Magnitude
O(1/r) stress singularity Dislocation bty by Dislocation bty by
O(1/r2) stress singularity Center of shear jx 21þtan2 hbyh Center of shear jy 2byh
Center of shear jy 2 tan2 h
1þtan2 h byh
Double force Px 8l tan hð1þkÞð1þtan2 hÞ byh
Vanish
Double force Py 8l tan hð1þkÞð1þtan2 hÞ byh
Center of extension cx 2ðk1Þ tan hð1þkÞð1þtan2 hÞ byh
Center of extension cy 2ðk1Þ tan hð1þkÞð1þtan2 hÞ byh
O(1/r3) stress singularity Multiple FPxx
8l
ð1þkÞð1þtan2 hÞ byh
2 Double center of expansion along x direction vx  1
1þtan2 h byh
2
Multiple Ccxx 4lð1þkÞð1þtan2 hÞ byh
2
Multiple XCyx
8l tan h
ð1þkÞð1þtan2 hÞ byh
2  tan2 h
1þtan2 h byh
2
Multiple Kjyy 4 tan
2 h
lð1þkÞð1þtan2 hÞ byh
2
Multiple XCyy
8l tan2 h
ð1þkÞð1þtan2 hÞ byh
2 Vanish
Multiple Kjyx 4 tan hlð1þkÞð1þtan2 hÞ byh
2
Multiple FPxy
8l tan h
ð1þkÞð1þtan2 hÞ byh
2
Multiple Ccxy 4 tan hlð1þkÞð1þtan2 hÞ byh
2
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marized in Table 5, i.e.,
Oð1=rÞ Dislocation : bty ¼by; Oð1=r2Þ Center of shear : jy ¼2byh;
Oð1=r3Þ Double center of expansion : vx ¼byh2:8. Conclusions
Ma and Lin (2001) have thoroughly analyzed the physical
meaning and the structure of image singularities for an isotropic
half-plane. The image singularities at the image point for an isotro-
pic half-plane contain three different orders of stress singularities,
i.e., O(1/r), O(1/r2), and O(1/r3). However, the image singularities of
an anisotropic half-plane are purely concentrated forces and dislo-
cations with O(1/r) stress singularity at four image points. There-
fore, this paper investigates the evolution of image singularities
from an anisotropic material degenerating to an isotropic material.
This study presents in detail the coalescence of O(1/r) image singu-
larities for an anisotropic material to form higher order O(1/r2) and
O(1/r3) image singularities for an isotropic material. The numbers
of image singularities obtained in this study for the isotropic mate-
rial are larger and more complicated than the results obtained by
Ma and Lin (2001), especially for O(1/r2) and O(1/r3) image singu-
larities. There are six or seven O(1/r2) and eight O(1/r3) image sin-
gularities rather than only one from Ma and Lin’s results. However,
from the fact that high order singularities, i.e., O(1/r2) and O(1/r3),
are dependent and can be combined to form much simpler results.
After combining the dependent fundamental solutions of higher
order image singularities, the ﬁnal result turns out to be the same
as that obtained by Ma and Lin (2001).
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